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INTRODUCTION

Sivice 1278 over &, 8090 homosexuwal mev from San Frarncisco have
beern ervolled forr & study of the prevalernce and incidence of
hepatitis B, EBlood samples from these men have beewvi collected and

stored at the Cernters for Disease Control in Atlanta. It is riow
possibhle to test for amtibodies to the virus suspected to cause
AIDS. This maikes the blood samples a souwrce of valuable infor-

mation concerning the spread of the viruse in the Sanm  Francisco
community since 1978,

Two  random  eamples from the hepatitis study subjects have
heer smelected for research on AIDS. The first sample consists of
fifty percent of an early proup emrolled to study prevalence.
The secornd 1s & si1x percent sample of a later group enroclled to
study the irncidernce of hepatitis. Six percent was chosen so that
the twi sanoles topether would comprise a ten percent sample of

the entire €,800 nlus subjects. We will refer to these samples
as the DA% and &4 samples, respectively.

These data mioght be used to answer several questions. What
percentare of Lthe Sarn Francieco gay subjiects have beern exposed to
the virus? What has been the rate of soread of the viruse?  What

is  the probability  thet a contact between an infected and
wninfected pereon will lead to a rnew infection? This paper deals
with a stetiztical model which was desigrned to provide
infTormation relevart to these gquest iones.

METHODS

THE DRTA

Zvern  thouoh we are fortumate to have repeated observations
over @ lomng periaod of tims, there are difficulties with arnalyzing
theze sambles. Mary subjects were found to have a negative anti-
biocy test in 1978 o 1273 and a positive test in 1384. A perinod
in  excess of Five years remains in which the exposure could have
takern olace. We azsume that the midpoint of the time interval is
ar adeguate guesse at exposure time. This gives the impression
that there was & sudden inorease in the rate of infection durinog
the 1981-1982 period whern few samples were taken.

Fipuwre one shows the time of collection of blood samples by

ouarter. Figure two  shows the effect of the assumption that
conversion took place midway between the last nepative and first
aositive teste, Gradual sopread appeare to become explosive to-—
ward the end «f 138@. Tf sannles were tested during the 1982 to

1884 periaod, we  wonld expect a curve like the orne  labeled
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"expected" in figure bLwao.,

THE MODEL

Ascumntiorns:

Ruzsume that sexual contact between members of  the cohoet
oecure  vancdomly  and with o unmid form freguency, arnd that the pop-—
wWlations being studied are closed with no members entering  or

exiting. A rew infection reguires a contact betweer an infected
anc an  uninfected person. Not every such contact results  in
infection, The probability of infection is then the product  of
the probability of contact and the probability of infection given
that a corntact has occurred. Durivipg a given time interval, the

rumber  of new infectiornz will be a function of the total number
of  peonle infected and the probability that a contact will lead
to an infection. Symbalically, let P be the probability of
C
contact aviel = be the probability of infection piven con—
11C
tact. The model states that the probability of an infection is

o= R ot
I IiC C
Derivat ion:
If there are N peopnle in the population at risk, and Y (t)
of then are infected at some time t, themn at that time there are
Y{t) (N=Y{t}) nossible contacts between infected and wninfected

pecnle., There are RN(N-1)/2 possible contacts disveparding
infectiorn =tatus. Ther the probability of contact betweesr

infected and uninfected persons is:

Fo(t) = Yit) (N=Y(£)) /IN(N=-1) /22 .

The total rnumber of peoanle infected at time t can thern be written
e
Y(t) = Yit—-1) + R (E)F (t)
I1C C

or

Y(t) = Y{t-1) + &P Y(t-1) (N-Y(t-1))/ (N-1)
1{C
Let Moo= 2R / (N=1). The model carn thern be writternn as a
Ii1C
differential eguation in the usual way:

Y7ty = KNY(t) — KY (t).

This jis a Berrnoullil eguation with a krown general soluation. I
this case the function ¥V is:

N



=1
Y(t) = [ 1/R - (1/R = 1/Y(@))exp(—-HKNt)1 .

The parameter R is the rnumber of people who will uwltimately
become infected. Y{2) is the number infected at the begirmirnn.

The parameters R, Y(@) and P were estimated uwusing the

IIC
method of least souvares. The EBMDFAR rmon—linear regression  pro-
oram performed the computations and pgave estimates of the
estandard deviatiorns of the parameters. The model was fit to the

sample of thirty, the 6% sample, the S0% sample, the &% and S0%
samoles combined, to  all available data, and to the data not
belonping to either random sample. The results are summarized in
Tables ! throuph 3.

The model can be rewritten to relax the assumption  that
the sample is cloased with rno subjects entering o leaving. By
mocdeling the percent exposed rather than the rumber exposed, a
moadel which does viot explicitly depend on the sample size can  be
derived. Let Y {t) be the percent infected until time +t. The
probability of contact between wranfected and infected subj)ects
is riow written

o= 2Y(tr {1l - Y(t))
C
and the model is

Y (t) SRY (L) 1

Y(t))

]
r

SRY (E) - 2RY (t)
which has as a solution
-1
Y(t) = [1/R — (1/R~-1/Y@))exp(~cFt)] »

R oand VIO rnow have the dimension of percent exposed. Wher
this nocel was it to 811l availabie data the estimates were:
AP G. 2. = Q. Q8445
R 77, 4%, s.e. = 39,9,

Vigy = 1.15%, s.e. = D.56388.
Whern the oercents are converted to sample subaects the estimates
are the same as for the model in Tables & and 2.

RESULTS

Thi mo@el was Fitted to several sets of samples. Orne set
hacd thivty ohzsevations  chosen because many samples had  been
taker on each subject. The 6% and SU%A samples were analyzed
separately and togethei, ancl the subjects rot in any sample were
fit. Firally, all data were merped and analy:zed. Table I pre-
zentse the sample zizes, percent infected at last test, and the
probsbility of infecticn per morth pivern contact betweern infected
ancd univfected individuals. The standard errors  and 5%
covfidence limits for P oare inm the last two colunnms. The riumber

(SRS A S Inl

in the first guarter is fixed at the observed value. The
rivmber wltimately exposed and B are the twos parameters estimated.



TAEBRL.E 1
Twz parameter model

TOTAL EXFOSED A fr S. E. 95%4 C. I.
test sample zZn 1 40 Q.a17 Q.@a2a7 [.216,.018]
5% sample =257 171 &7 2,231 2. 2243 L2223, . @3E9]
&% sample 176 126 & 7. =9 .1z [.036,.04117
e & DO% 4373 =277 €4 2. a4 B.e217 (L2339, .246]
211 data £14 41 &5 Q. 249 @. 2221 0. 044, . 0547
non-sanple 181 183 €8 2. 267 . aazs [LA6l, .@74]

DISCUSSION @;M

=
The column  labeled P gives the prabability of infection
niver contact. Since all groups were observed over the same time

neriod, F oi1s hiphly correlated with the final percent exposed.

Excluding the test cample, the extreme results are between 7v:*
the A sample with a F of @.231 and the rnorn—sample group with a77°
Foof  @.QE7. The final percerntages exposed were €7% and &8%
resnectively. The (b{a)difFHPEﬂce betweer these two groups s
that the S@% sample hed severn positives in the first three month
peyr 1och, while the other groups never had more than three. I ran
the proums with a three paramster model, esztimating the value of
Y (7.

TABLE &
Thres parameter model
Y (&)
TOTEL EXFOSED Y = B Es ohs., est.
teat sample KA 1= 4@ w2zl 7. a1 3 1 =
=¢%  sample 25 171 &7 v.263" @.op3z 7 1
% sample 176 106 =1l ., 029 Q. @41 7 4
£ & S04 433 =77 &4 Q.71 7. aazl 7 1
all data 14 40 (=3 Q. =l Q. 84 8 7
viovi—samnple 1e1 1es &8 ., Q47 ., 53 1 4

I the S@0%  sample the model estimates only one person
exoosed ivn the firset guarter, and the P value increases from

73R to @0 QES. In the previous case the rumber exposed in  the
First aguarter was fixed at sever, the observed value. The P
value thern acoounts for av increase from 7 to 171 exposed over a
4% month  period. Estimating only one exposure in the first

cuarter mearns a larger F value is required to fit the larger
increase from 1 to 171,

Ore  of the nparameters estimated was the maximum riumber ever
o hecome expose. Table 3 summarizes the results.

1



TARLE 3
FREDICTED MAXIMLM NUMEER EXPOSED

sample max. pred,. S: 8. Lime to achieve
(icmths since 1/1/1978)
S =257 (10a%) 7] &8
% 175 (1@a%) v 118
& & SR% 326 (79%4) =8 91
riovisamol e 138 (75%) 14 179
all data 475 (774 (=1} 121 (May, 1986)

The paraveters estimated from all the data indicate that the

orobability of infection given contact 1 about 5%, In 1984 the
exoosure incldence rate was 2% per monthsg in June 1385 it is
estimated Lo become 1.8% per month. The maximum estimated

exposure of 774 will be achieved around the middle of 198€6.
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