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Since 1978 over 6,800 homosexual men from San Francisco have 
been enrolled for a study of the prevalence and incidence of 
hepatitis B. Blood samples from these men have been collected and 
stored at the Centers for Disease Control in Atlanta. It is now 
possible to test for antibodies to the virus suspected to cause 
AIDS. This makes the blood samples a source of valuable infor-
mation concerning the spread of the virus in the San Francisco 
community since 1978. 

Two random samples from the hepatitis study subJects have 
bee~ selected for research on AIDS. The first sample consists of 
fifty percent of an early group enrolled to study prevalence. 
The second is a s1x percent sample of a later group enrolled to 
study the incidence of hepatitis. Six percent was chosen so that 
the two samples tog ether would comprise a ten percent sample of 
the entire 6,800 plus subJects. We will refer to tnese samples 
as the 50~ and 6~ samples, respectively. 

T~ese data might be used to answer several questions. What 
oercen t aoe of the San Francisco gay subJects have been exposed to 
the virus? Wha~ has been t h e rate of soread of the virus? What 
is the probability that a contact between an infected and 
u·-·, i n fc-:· c ted pe·,~::: ·:•,-, w:i.ll lec:td to a Y'IF! W infectiun? Thi=:· paDE!t' deals 
with a stati st ic~! mod~l which was designed to provide 
in..- ·:·r-·mat i c.n t'E' 1 e v C:i. ·r:t to t !"', ese q '..1.£:?5, t: i eons. 

It'E: I:GI8 
~ven t~ oug~ we a r e f ortunate to have reoeated observations 

ov~r a long period of time, there are difficulties with analyzing 
thes e samoles. ~any subjects were found to have a negative anti -
body test in 1978 or 1979 and a positive test in 1984. A period 
ir' exce~:;s c•f f'i vt:-! ye:·al·'s r'er!'IC:\ins in wh ich thE~ expc•::,ur'e could have 
ta~en c lace. We assume that the midPoint of the time interval is 
ar1 adt:,-q uate~ gue~:s at. exposur-e t 1irne. This gives the irnpr'ession 
that there wa s a sudden increase in the rate of infection during 
t~e 1981-1982 oeriod when few s amples were taken. 

Fi gur-·e:· on(·? shc.•l··~s the time o:::.f co:•llect ior, of blood samples by 
ouarter . Figure two s~ows the effect of the assumption that 
canversion too k place midway between t h e last negative and first 
~ositi.ve tests . Gradual soread appears to become explosive to-
wa rrl t h e end 0 f 1980. Tf samoles were tested durin g the 1980 to 
1 '3 [1 1+ O'=-:.-·,~i .:•d, \I'Je wo ul cl E?xpec:t a cueve l:i.k.e the one labeled 
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"expecte·c~ " iY1 figu.t'' E·' tw<::.o .. 

As :;; 1..1.f1l ot i eons: 
Ac:;<;.; ui,lt:> that 

c•ccur-·s t-·a. 'r' 1c' on1l y 
ulati on =-• t~E· :ing 

e x i. t in g . q nE• ~-J 

se x ual contact between members of the cohort 
and ~·Ji.th uni for·' nl ft'equey,c:y, and tha.t the pop-

studied a r e closed with no members entering or 
i nfection requires a contact between an infected 

a Y. c:! c1n unin-Fected pe·r-· <;:::.-:.r, . Nc•t E! VE.' 'r''Y s~ uch cc•ntact r' esults iY'1 
i nfection. T h e probability of infection is then the product of 
the proba b ility of contact and the probabili ty of infection given 
th21 t a cor·,t c\ c t has occul·' r-·ed. Dut'ing a given time inter-val, the 
number of new infections will be a funrtion of the total numbe r 
of people infected and the probability that a contact will lead 
to an infection. Symbolically, let P be the probability of 

c 
contact be the probability of infection given con-

I I C 
tact. The model states t h at the probabili ty of an infection is 

p == p p (t). 

I I I C C 
Der' i \/at ion : 
If there are N people in the population at risk, and Y<t> 

o f ther,, ar' e i ·nfected a.t sc•rlle t i111e t, they, at that t irne ther'e ar'e 
Y(t) (~-Y(t ) ) possible contact s between infected and u.ninfected 
oeoo 1 E·. Th e·r-·P at' f.:.' N <t-.1-1 ) I 2 possib l e contacts c:l i sr'eg at' d i Y'1g 
j·nfectio·r, <:c.tatus. The n the pr'obabili.ty of· contact betwee y, 
infecte~ an~ uni nfected oersons is: 

p (t) 

c 
Y<t> <N-Y(t) )/[f\.l(N-1 ) /2] 

The tot al number of peoole infected at time t can then be written 
2, S 

y ( t ) -· '{ ( t - 1 } + p ( t ) p ( t } 
I i C C 

Y(t l = YCt-ll + 2P Y <t-1) <N-Y <t-1) >I <N-1) 
! I C 

Let ~- -·- ;:::r• I ( N- 1 ) • The model can then be written as a 
I I C 

differential eau.ation in the usual way: 
2 

Y' \t) == KNY<t>- KY <t>. 

This js a Be rnoulli eouati.on with a known general 
this c a se the f u nction Y is : 

2 

solution. In 
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-1 
Y<t> = [ 1/R- <1/R- 1/Y(QI))exp(-KNt>J 

The parameter R is t~e number of people who will ultimately 
becor,,e infected. Y(tZI) is the Y"IIJrnber~ infected at the beginning. 

The parameters R, Y<IZI> and P were estimated using the 
I I C 

method of least squares. The BMDPAR non-linear regression pro-
gram oerformed the computations and gave estimates of the 
standar d deviations of the parameters. The model was fit to the 
samp l e of thirty, t he 6~ sample, the 50~ sample, the 6~ and 50% 
sart"Jole:::·s cornbined, to all availat•le data, and to the data not 
belongi ng to either r andom sample. The results are summarized in 
Tables 1 through 3. 

The model can be rewritten to relax the assumption that 
th e sampl e is closed with no subJects entering or leaving. By 
modeli ng the percent exposed rather than the number exposed, a 
model which does not explicitly depend on the sample size can be 
der·'iVt:·d . L..et Y(t) be t t-·,e per'cent ir,fected until time t. The 
proba bility of contac t between uninfected and infected subJects 
j. s l'tO Y.J v-rr'it ten 

P = 2Y < t l ( 1 - · Y < t) ) 
c 

a nd the model is 
Y' ( t ) = C.:PY ( t ) ( 1 - Y ( t ) ) 

2 
= 2PY<t > - 2PY (tl 

whic~ has as a solution 
-1 

Y< t ) :::: [1/R (1/R- 1/ Y(0))exp( -2P t)J 

R an~ Y (0) now have t~e dimension of percent exposed. When 
thi~ ~c ~el wa s f i t t n al l ava ilab l e data the estimates were: 

;::· ::.-" 0. :.:'i 1' s; . e. = 0. IZ1J218LfLr5, 
~{ o:::: 77. 41. ' s. e. ·- '3. 9, 
v u~n ==" 1. 1.51-, s . e. = 0. 5fJ388. 

When t~e oercent s ar e converted to sample subJects the estimates 
.:n'F·· t ;..,E. s;,::-.r!'JC'' a~:. f .::.t-· t>·H:::· rnodeJ. :in T ab le<:=, 2 ancl 3. 

Tho mo~ el wa s fitted to several sets of samples. One set 
had t~ j rty obs~rvations chosen because many samples had been 
t aken on each subject . The 6% and 501. samples were analyzed 
sep.;;~-·.::. te] y .=n-, c1 tc·~]ethe·, -. , and the subJects not in any sample wet'e 
fit. Fina. lly~ c:tl l c! a ta wer'e rrler'ged aY"rd analyzed. Table I pr'e-
sents t"'·re ~sarnpJ.e:?. :"i ze~:;, per-·cent i. ·f,fE~cted at last test, a n cl the 
prob~bility o f infection per month given contact between infected 
,::~·nci '.P ... rir-• fPcted i r rcl i.vid uals. The standat'd er~r'Or'S and '35jl, 
confide·r-.ce limi ts f o::n' P a r' e in the last two columns. The r-tumbet~ 

expo:o~:.r:.-~cJ in t'-,e:?. f jr~st qu.:n-·te.•r' is f ixed at tile obse-~r~ved value. The 
~~ mber ult imat e ly exposed and P are th e two oarameters estimated. 
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TABLE 1 
Two para meter model 

TOTA l_ EXPDSED 1. p S. E. '35'1- c. I. 

test sam p le 30 
50':1. sam ple ;=:57 
E. ~t: sarnpl e 176 
f:., 1. & 501. 43 ~3 

dll dat a E.l Lf. 
·non-s amp 1 e 18 1 

1 2 
171 
liZIG 
-c:77 
400 
1·=·7 .._ ~, 

40 
67 
60 
64 
65 
68 

0.01.7 
0.03 1 
0.03 '3 
121.042 
0.1Z149 
0.057 

0.0007 [.016,.018] 
0.0043 [.023, .03'3] 
0.001 2 [.IZ136,.041J 
0.0017 [.03'3,.046] 
0.0021. [.IZ144,.054J 
0.0033 [.051, .074] 

The column labeled P gives the Qrobability of infection 
0 i ven CC•nt act. S i ·nee a 11 gt~oups wet'e obset' Ved over' the s ame t 1 me 
pe r1oB, P 1s hi g h ly correlated with the fin al percent exposed. 

E.xcludirq:J th~ test sarnple , _ the extt~erne t'esults at'e be~ween ~ 
the· ~: .. 0':/. sarn pl e ~«n th a P of 0.0 .:';1 and the non-sarllple gt'oup w1th a 7 
~ oF 0.067. The final percentages exposed were 671. and 68':/. 
t' e spectively. The @ diffet'eY1ce between the:-~e two gr~oups is 
that th e 50% samp l e had seven positives in the first three month 
pe r··i oc:l~ wh ile thE' other~ gr··ou ps nt-~vet' t-·1ad r!"lot-· E' than trn·ee. I t~an 

t 1·-~ e Qt'OU :)s vJith a th t'ee pc:n·arnet.et' model, e·~s tin1atir1g the value of 
v ( ~71 ) • 

TrtBLE 2 
Thre e parame ter mode l 

Y<IZl> 
TOTt~IL E XPDS :.:::D 1- p s. E. obs. est. 

te~;t sarnDlE· 3e1 j ;::: 40 0 71 .-, 1 0. 0013 1 
~-::i\2'1.. samole ;~~57 1~ 1 67 

.ILo::. ~ V 
0.0032 7 f ~ 0. 1216.~ 

E.· i'~ sarnr_,l E~ 176 1 0 [. 50 0. 039 0. 12112141 0 
f., ~1. 8.· 50% L~33 27'7 54 0.12171 0.121031 7 

"" ~ 1 d a ta 614 .y IZ! I{.·) 55 0. e151 121. 0084 8 
l"o::oy-;--~:;,::<,n1 p l e 181 1·=·7 

'-~' 68 121.12147 0.005'3 1 

I n t h e 50~ s ampl e the model estimates only one person 
~ x ~osed in t he firs t quarter, and the P value increas es from 
0.0 3 1 to 0.0E.3. I n the previous case the number exposed in the 
f ~rst quarter wa s fixed at s even, the observed value. The P 
v2lue the n accounts for ati increase from 7 to 171 exposed over a 
45 month period . Es timating on ly one exposure in the first 
ouarter means a larger P v al ue is required to fit the larger 
i ~'ICI'E'aS E' ft' Co\'11 l t U 171. 

One of the parameters estimat ed was t he maximum number ever 
• o become ex posed . Tabl e 3 summar izes the result s. 
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50~ 

6~ 

5 & 50~ 
nonsamole 
al l data 

TABLE 3 
PREDICTED MAXI MUM NUM BER EXPOSED 

~§~~ Q~~Q~ 

2 57 <100~) 

175 (100~) 

326 (751-) 
17= ~~ <751-) 
475 <771-) 

2~~~ 

0 
0 

38 
14 
E,0 

ti~§ 19 ~£bi~~§ 
<m onth s since 1/1/1978) 

88 
118 

91 
179 
101 <May, 1985) 

The p?r a Meters est imat ed from all the data indi c ate that the 
orobabil ity of infection gi v e n contact 1 s about 51-. In 1984 the 
exposure inc idence rate was 21- per month; in June 1985 it is 
esti mated to become 1.81- per month. The maxim u m estimated 
exposure 0f 77~ will be a ch ieved around the middle o f 1986. 

5 
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